Ab initio QED calculations of the four x-ray transitions from the L to K shell in heliumlike argon, titanium, iron, copper, and krypton are performed. The binding energies for all the n = 1 and n = 2 states are evaluated as well. The calculation approach combines the rigorous QED treatment in the first two orders of the perturbation theory constructed within the extended Furry picture with the third-and higher-order correlation effects evaluated in the Breit approximation. The obtained results are compared with the previous evaluations and available experimental data.
INTRODUCTION
Bound-state quantum electrodynamics (QED) has proved to be an efficient tool to predict the binding and transition energies in highly charged ions, see Refs. [1] [2] [3] [4] [5] [6] [7] [8] for the corresponding high-precision measurements and Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] for the related theory. Heliumlike ions represent the simplest fewelectron systems where many-electron relativistic and QED effects can be studied. There are many systematic theoretical investigations of He-like ions [19] [20] [21] [22] [23] [24] [25] . To date, the most elaborated treatment of the energies of ground and low-lying excited states in heliumlike highly charged ions has been performed in Ref. [26] , where the second-order two-electron QED contributions were rigorously evaluated to all orders in αZ (α is the fine structure constant and Z is the nuclear charge number) for Z 12. The theoretical predictions from Ref. [26] were generally in good agreement with the available at that time experimental data for the Kα [27] [28] [29] as well as intra-L-shell [30] [31] [32] transition energies, for more detailed comparison see Table VIII in Ref. [26] .
A new great interest to middle-Z heliumlike ions has been triggered by Chantler and co-authors [33, 34] . In Ref. [33] , based on the high-precision measurement of x-ray resonance line in He-like titanium and a statistical analysis of the previous experimental data, it was claimed that there is a discrepancy between experiment and the theoretical predictions obtained by Artemyev et al. [26] which grows approximately as Z 3 . As a response, a number of new measurements of the xray transitions in heliumlike ions has followed [35] [36] [37] [38] [39] [40] . New statistical analyses based on the extended sets of experimental data have been undertaken [39] [40] [41] . These investigations have refuted the aforementioned Z 3 -deviation trend. Nevertheless, in view of the general scatter of the experimental values the issue of independent ab initio calculations of the transition energies in heliumlike ions has become very urgent.
There are some points in Ref. [26] that can be improved employing the most advanced methods which are available to date. In our recent work [42] we revisited the contribution of the nuclear recoil effect to the low-lying energy levels of twoelectron ions. Having treated this effect in a more accurate way and compared with the results from Ref. [26] , we have shown that the nuclear recoil contribution can not be responsible for the discrepancy declared by Chantler et al.. In the present work we address all the other contributions and perform from scratch the rigorous QED calculations of the n = 2 to n = 1 transition energies in middle-Z heliumlike ions within the extended Furry picture. Namely, the x-ray transitions from levels 1s2p 1 P 1 , 1s2p 3 P 2 , 1s2p 3 P 1 , and 1s2s 3 S 1 to the 1s 2 1 S 0 ground state, which are traditionally denoted as w, x, y, and z [43] , respectively, are evaluated for heliumlike argon (Z = 18), titanium (Z = 22), iron (Z = 26), copper (Z = 29), and krypton (Z = 36). The obtained results are compared with the theoretical predictions from Ref. [26] and available experimental values.
THEORETICAL METHODS
The Furry picture of QED is generally recognized as a good starting point for description of highly charged ions. To zeroth order, within this picture the interelectronic interaction is neglected and the electronic states in the presence of the nuclear Coulomb potential V nucl are considered. This means that within the initial approximation electrons obey the oneelectron Dirac equation. The interaction with other electrons and with the quantized electromagnetic field are treated by the QED perturbation theory which can be formulated employing, e.g., the two-time Green's function (TTGF) method [44] . It is precisely this approach that was used in Ref. [26] to evaluate the ionization energies of He-like ions.
Nowadays, the state-of-the-art methods of bound-state QED are limited by the consideration of the second-order contributions. Therefore, it is impossible to account for the higher-order interelectronic-interaction corrections to the Lamb shift rigorously in the framework of bound-state QED. However, one can do it partially by employment of the extended version of the Furry picture. In the extended Furry picture the nuclear potential is replaced with some effective potential: V nucl → V eff = V nucl +V scr , where the local screening potential V scr models the interaction of electrons. Obviously, one has to account for the counterterm δV = −V scr , that leads to new Feynman diagrams to be evaluated. The extended version of the Furry picture was successfully applied to the high-precision QED calculations of the atomic properties in highly charged ions [12, [14] [15] [16] [45] [46] [47] [48] [49] [50] and many-electron atoms [51] [52] [53] [54] .
An additional difficulty from the theoretical point of view is that the 1s2p 1 P 1 and 1s2p 3 P 1 states are quasidegenerate. The treatment of such states is considerably more complicated than in case of a single level. To describe this pair of quasidegenerate states, the TTGF method involves the evaluation of a 2 × 2 matrix H which should include all the relevant contributions [44] . The matrix H is calculated by the perturbation theory starting from the unperturbed states (1s2p 1/2 ) 1 and (1s2p 3/2 ) 1 defined in the jj-coupling. The total binding energies of the 1s2p 1 P 1 and 1s2p 3 P 1 states can be determined by diagonalizing the matrix H. This scheme was realized first in Refs. [26, 55] . Alternative approaches to some of the secondorder contributions were considered in Refs. [56, 57] .
In the present work, the formalism applied in Ref. [26] for ab initio calculations of the second-order two-electron QED contributions (Fig. 1 , the first and second columns) has been thoroughly revised and extended to the case when a screening potential is incorporated into the zeroth-order approximation. The corresponding one-and two-electron counterterm diagrams are shown in the last two columns of Fig. 1 . We have performed the calculations with the use of two different types of effective potential. The core-Hartree (CH) and local DiracFock (LDF) screening potentials were employed in order to partially account for the higher-order electron-electron interaction effects. The construction procedures and applications for these potentials can be found, e.g., in Refs. [47, 51, 58] . Moreover, in order to examine the accuracy of the results obtained in Ref. [26] , we have performed the calculations within the standard Furry picture for the Coulomb potential as well.
Consideration of the two-loop one-electron diagrams completes the QED treatment of the energy levels in He-like ions to second order in α within the Furry picture [11, 18, 63] . Ab initio calculation of these contributions to all orders in αZ is a very challenging problem. The breakthrough in this field is represented by the all-order calculations of the two-loop selfenergy corrections by Yerokhin et al. [11, 18, 63] . However, some two-loop diagrams are still evaluated only within the free-loop approximation [64] . To account for these contributions we use the results compiled in Ref. [17] .
The evaluation in the Coulomb potential of the contributions corresponding to the diagrams in Figs. 1(a) and (b) allows one to treat the correlation effects to second order in 1/Z rigorously within QED. Extending the calculations to the case with a screening potential included into the initial approximation [this implies consideration of the counterterm diagrams in Figs. 1(c) and (d) ] provides an opportunity to cover the higher-order corrections partly. Nevertheless, the remaining part of the interelectronic interaction has to be taken into account at least within the lowest-order relativistic approximation. In Ref. [26] the issue to evaluate the correlations effects of third and higher orders in 1/Z was addressed by summing terms of the 1/Z expansion. The corresponding coefficients were taken from Refs. [65, 66] for nonrelativistic energies and from Ref. [19] for the Breit-Pauli correction. Within the extended Furry picture this approach is no longer valid. Therefore, for all the potentials we evaluate this contribution on the basis of the Dirac-Coulomb-Breit Hamiltonian employing the two independent methods. The first one is the relativistic configuration-interaction (CI) method based on DiracSturm orbitals [67] . The procedure how to extract the desired higher-order interelectronic-interaction contribution from the total CI result for the case of a single level was discussed, e.g., in Refs. [14, 16, 47] . In the present work, this procedure has been generalized to deal with the quasidegenerate states. The second method directly yields the third-and higher-order contributions by means of the recursive perturbation theory. The description of this approach for a single-level case can be found in Refs. [47, 68] . In order to generalize the perturbation theory to the case of the quasidegenerate states, we used the combinatorial algorithm proposed in Ref. [69] . The results obtained employing these two different approaches are found to be in good agreement. The details of both methods will be published elsewhere.
Finally, one has to account for the nuclear recoil effect which lies beyond the external-field approximation, that is beyond the Furry picture. The detailed analysis of the nuclear recoil contribution to the energy levels in He-like ions was presented in Ref. [42] . We have extended this scheme to include the screening potential into the unperturbed Hamiltonian. Moreover, to be consistent with the most recent compilation of the Lamb shift in H-like ions [17] , we have taken into account the small correction due to the reduced-mass dependence in the one-electron self-energy, vacuum-polarization, and two-loop QED contributions, see Ref. [17] for details.
All the calculations have been performed employing the Fermi model for the nuclear charge distribution. The most abundant isotopes are selected, and the nuclear radii are taken from Ref. [76] .
NUMERICAL RESULTS AND DISCUSSION
As noted above, in our calculations the zeroth-order approximation is given by the two-electron wave functions constructed in the jj-coupling from the solutions of the oneelectron Dirac equation. We study all the states (1s nlj) J , where nlj = 1s, 2s, 2p 1/2 , 2p 3/2 and J is the total angular momentum. In order to keep better under control the accuracy of the calculations, we have performed them with the Coulomb, LDF, and CH potentials. The individual contributions to the binding energies of He-like argon are presented in Table I . For the mixing configurations, (1s2p 1/2 ) 1 and (1s2p 3/2 ) 1 denote the diagonal H-matrix elements, while "off-diag." stands for the off-diagonal contributions. The ∆E Dirac value is the energy obtained from the Dirac equation. The first-and second-order interelectronic-interaction contributions calculated employing the rigorous QED approach and the higher-order correlation corrections evaluated within the Breit approximation are given by ∆E (1) int , ∆E and ∆E
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denote the one-electron and screened QED contributions, respectively. Finally, ∆E rec is the recoil correction. The total values obtained for all the potentials are presented in the last column. For the calculations with the Coulomb potential two total values are given. The second one includes the higher-order QED correction ∆E QED ho evaluated using the related formula from Ref. [19] . Since the latter correction was obtained for the Coulomb potential it can be included only within the standard Furry picture. It is seen that while the individual terms in Table I may differ from line to line, the total values of the binding energies obtained for the different potentials are in good agreement.
In the case of the Coulomb potential, the individual contributions from Table I have been compared with the corresponding values obtained by Artemyev et al. [26] . It was found that there exists a small discrepancy between the results for the two-photon exchange and higher-order correlation contributions. This discrepancy is most pronounced for the ground 1s 2 state, resulting in a slight systematic shift of our theoretical predictions for the L to K transition energies compared to the results of Ref. [26] , see the discussion below. We note also that some additional small discrepancy was caused by the employment of the different values of the fundamental constants (in the present work the CODATA 2014 recommended values [59] were used: α −1 = 137.035 999 139(31) and m e c 2 = 0.510 998 9461(31) MeV).
From Table I , one can see that the addition of the correction ∆E QED ho , evaluated according to Ref. [19] , to the Coulomb results generally brings them closer to the calculations performed using the effective potentials. However, it is not always the case. For instance, we found that with increasing the nuclear charge number Z the higher-order correction ∆E QED ho for the ground 1s 2 state tends to shift the Coulomb value in the opposite direction enlarging the difference between the results for the Coulomb and effective potentials. The same trend was is given, whereas in the last column the combined correlation and QED shift evaluated in Ref. [70] is presented. Although not exactly equivalent, these three approaches serve to estimate the higher-order QED contribution. One can see that our results are generally in agreement with the data presented in Ref. [70] and increase monotonically with Z, while the higher-order correction ∆E QED ho calculated according to Ref. [19] changes the sign as Z grows.
The results for the LDF potential have been used as the final values. Our theoretical predictions for the binding energies for all the n = 1 and n = 2 states in heliumlike argon, titanium, iron, copper, and krypton are shown in Table III . The energies of the 1s2p 1 P 1 and 1s2p 3 P 1 states are obtained by diagonalizing the matrix H with the elements given by the total values from the rows (1s2p 1/2 ) 1 , (1s2p 3/2 ) 1 , and "off-diag." in Table I . The uncertainties were estimated by summing quadratically several contributions. The first one in addition to the numerical uncertainties of the second-order two-electron terms includes the uncertainty due to the nuclear size effect and the uncertainty due to uncalculated two-loop one-electron QED corrections [17] . The second uncertainty is associated with the uncalculated higher-order screening QED contributions. Firstly, it was estimated considering the scatter of the total values obtained in the calculations with the different potentials. If one took into account the correlation and QED corrections to all orders, the total results would be fully independent of the choice of initial approximation. Therefore, the discrepancy between the different calculations provides the estimation of the uncalculated terms. For the excited states we took the maximum between the scatter for this state and the scatter for the ground state divided by the factor of four which conservatively describes the scaling of the QED effects for these states. Secondly, taking into account that the interelectronic interaction for highly charged ions can be treated within the 1/Z perturbation theory we estimated the uncalculated higher-order QED corrections by multiplying the two-loop one-electron QED term for the 1s state by the conservative factor 2/Z. The n = 2 to n = 1 x-ray transition energies for the w, x, y, and z lines are given in Table IV . They were obtained by subtracting the ground-state binding energy from the binding energies of the excited states. In Table IV our theoretical predictions are compared with the results of the previous calculations. Compared to the calculations by Artemyev et al. [26] , our estimation of the uncertainty due to the uncalculated higher-order QED corrections has been performed in a more conservative way. There is a slight discrepancy with the results from Ref. [26] for heliumlike argon and titanium. We suppose that it is caused by an underestimation of the uncertainty in the calculations performed in Ref. [26] . In addition, the comparison with available experimental values is given in Table IV . Our results are in agreement with the most recent measurements [35, [37] [38] [39] [40] of the x-ray transitions in middle-Z heliumlike ions. The w(1s2p 1 P 1 → 1s 2 1 S 0 )-line transition energy is plotted with selected experimental values in Figs. 2(a) -(e). For convenience, the smaller energy regions, encompassing both theoretical values, are zoomed for heliumlike titanium and iron. As one can see from Table IV and Fig. 2(b) , even though ab initio QED calculations have been performed with the most advanced methods and all the possible sources of the theoretical uncertainty have been studied, the discrepancy between theory and the measurement by Chantler et al. [33] for He-like titanium still persists.
Finally, since it was being discussed in the literature [38] , for heliumlike krypton we present our theoretical prediction for the ratio of the w-line transition energy to the y-line transition energy, [E(w)/E(y)] Th = 1.006 7828(7). This value is matching exactly with the one which can be derived from the results by Artemyev et al. [26] and in good agreement with the value measured in Ref. [38] , [E(w)/E(y)] Exp = 1.006 780 (7) . This ratio gives the value of the w-line in energy units of the y-line independent of any energy calibration and can be measured to a high precision. To date, the theoretical precision for this ratio in krypton is one order of magnitude higher than the experimental one. The accuracy of the theoretical prediction can be further improved provided the more precise measurement will be performed.
CONCLUSIONS
To summarize, we have performed ab initio QED calculations of the binding energies for all the n = 1 and n = 2 states in middle-Z He-like ions with the most advanced methods available to date. The n = 2 to n = 1 x-ray transition energies are determined. The calculations merge the rigorous QED treatment in the first and second orders of the perturbation theory and the higher-order interelectronic-interaction effects evaluated within the Breit approximation. The obtained x-ray transition energies are generally in good agreement with the most recent high-precision measurements for heliumlike ions. From the theoretical side, no possible explanations for the considerable discrepancy with the w-line measurement in Ref. [33] have been found.
